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ABSTRACT: In a previous article (part 1: Barenbrug, Th.M. A. O. M.; Smit, J. A. M.; Bedeaux, D.
Macromolecules 1997, 30, 605) we used Monte Carlo methods to study the properties of lattice
polyelectrolytes with fixed endpoints and proposed expressions for the conformational free energy of a
single chain. By connecting these chains by means of tetrafunctional cross-links, a simple model network
of lattice polyelectrolytes was conceived. Using the total free energy of the gel and the other constituents,
we were able to predict equilibrium swelling (part 2: Barenbrug, Th. M. A. O. M.; Bedeaux, D.; Smit, J.
A. M. Macromolecules, preceding paper in this issue) under a variety of conditions with respect to the
salt content and the linear charge density of the chains. The elastic behavior of the gel is described in
this paper (part 3) in terms of the shear modulus as a function of the above conditions. We consider two
well-defined swelling circumstances for the gel (cases 1 and 2) and compare our findings with recent
experimental results.

1. Introduction

Polyelectrolyte gels are known to show remarkable
swelling and elastic properties. Recently their theoreti-
cal and practical interest as such has been recognized
again.1 In the past many models have been put forward
in order to describe the sometimes unexpected behavior
of these systems. After early attempts2,3 following the
pioneering work of Flory, a sequence of theories was
developed,4-10 starting with the work of Katchalsky,
who derived an expression for the electrostatic contribu-
tion to the free energy of a network composed of charged
Gaussian chains. The latter free energy models are
mainly based on single-chain properties and lose there-
fore some of their validity when chain-chain interac-
tions become important. Recent scaling theories,11-13

employing the “blob” picture, describe probably better
the interaction between charged polymer segments.
However, such a description is only valid for flexible,
weakly charged, long chains and does not seem very
suitable for those polyelectrolytes whose persistence
length is of the same order of magnitude as their length.

Recently (part 215), we proposed a model network in
which the chains were connected by tetrafunctional
cross-links. The chains were simulated either by charged
random walks (RWs) or by charged self-avoiding walks
(SAWs), whereas for both types of chains the endpoints
were fixed. The electrostatic repulsion in the network
was described as a sum of intrachain interactions such
as in Katchalsky’s theory. However, his original theory
was improved to incorporate the effect of charge pair
interactions on the conformational statistics of the
chains (part 114). The resulting expressions were used
to describe the swelling behavior of a polyelectrolyte gel
as a function of the external salt concentration and the

linear charge density of the chains. As our model thus
provides the conformational free energy of the network
including the electrostatic term, we shall use it here for
the description of the elastic properties of a polyelec-
trolyte gel.

Usually the elasticity of the polyelectrolyte gel is
studied in terms of its response to an externally applied
deformation: the gel is brought out of equilibrium, e.g.,
its free energy is increased, and the force driving the
system back to equilibrium is studied. Assuming that
the network chains deform affinely with the gel, the
precise deformation of a chosen network chain depends
on its original orientation in the gel. Therefore, during
the deformation some chains will be more extended,
others less extended, than before. Due to the changes
in the end-to-end distances of the network chains the
free energy of the network chains increases. The average
magnitude of that increase, denoted 〈(∂F/∂R)T〉, is pro-
portional to the restoring force exerted by the gel. If one
assumes that, during the deformation, the gel volume
remains constant, the concentration dependent terms
in the total free energy do not change and therefore do
not contribute to the elastic response of the gel. Solely
the conformation free energy mentioned above yields the
restoring force, which is responsible for the elastic
response of the polyelectrolyte gel.

In this paper we focus on the response of the gel to a
small deformation. Customarily, the elasticity of matter
is expressed in terms of elastic moduli: proportionality
constants between the applied stress and the resulting
relative deformation of the sample. Here we study the
behavior of the shear modulus of the gel as a function
of the salt concentration, under two distinct conditions,
numbered 1 and 2.

In case 1 the elasticity modulus is calculated for the
gel at a constant polymer volume fraction (i.e., at a
constant volume), but for different internal salt concen-
trations. In this case the gel is not in contact or in
thermodynamic equilibrium with a salt solution, but it

* To whom correspondence should be addressed.
†Delft University of Technology, Laboratory for Aero- and

Hydrodynamics, Rotterdamseweg 145, 2628 AL Delft, The Neth-
erlands.

210 Macromolecules 1999, 32, 210-218

10.1021/ma980356j CCC: $18.00 © 1999 American Chemical Society
Published on Web 12/17/1998



is allowed to absorbsstarting in the dry statesa salt
solution of given ionic strength, until the specified
polymer concentration is reached (i.e., until a preset
swelling volume is attained). The experimental restraint
to this case is that the relative extension of the chains
at which the modulus is measured (and by which the
volume of the gel is determined) cannot be larger than
the equilibrium swelling extension of the chains (volume
of the gel) at the same internal salt concentration.

In case 2 the gel is in contact with an external salt
solution, and the shear modulus is determined for
different, preset values of the salt concentration. Before
each measurement is performed, the gel is allowed to
reach its equilibrium swelling volume.

Analogous to the path followed in part 215 we first
derive, in section 2, expressions that describe the elastic
properties of an isotropic polymer network, in terms of
its shear modulus. In section 3 we present our results.
We compare the shear modulus calculated (a) directly
from the Monte Carlo simulation data for a lattice
polyelectrolyte of 40 segments and (b) by using our
variant of Katchalsky’s expression for the electrostatic
free energy of a charged chain, to study the applicability
of the latter for chains with more segments. We then
present and discuss the results for gels of longer chains
in good and θ-solvent and compare the outcomes for
cases 1 and 2 separately. For both these cases we
qualitatively and quantitatively compare the predictions
from our isotropic lattice polyelectrolyte gel model and
experimental results obtained for poly(acrylic acid)
(PAA) gels. As recent work on this topic11-13 contains
the important simplification that the shear modulus and
the network pressure are proportional to each other, we
also compare our explicit results for the network pres-
sure and for the shear modulus, to check this assumed
property. Section 4 contains a discussion and a sum-
mary of our findings.

2. Theory

In general terms the elastic behavior of a swollen
polyelectrolyte gel is studied by exerting an external
pressure on one of the sides of a conveniently shaped
gel sample (during a relatively short period of time) and
instantaneously measuring the deformation caused by
this pressure. We assume that during this deformation
the gel volume remains constant, as are, therefore, the
ion concentrations and polymer volume fractions. This
assumption has two main implications.

First, that concentration dependent pressure contri-
butions such as the Donnan and mixing contributions
do not change during the measurement. Therefore, the
elastic response of the gel to the compression must be
supplied solely by the network forces, so that the
measurement of the (macroscopic) elasticity of the gel
provides a direct insight in the elastic behavior of the
network (and therefore of the (microscopic) chains
themselves).

Second, that exerting the external pressure, denoted
pext (see Figure 1), results in a small compression of the
gel in the direction of pext (taken in the vertical z-
direction) and an expansion of the gel in both perpen-
dicular horizontal (x- and y-) directions, in such a way
that its total volume remains constant. In the figure we
show this schematically for a cubic section of the gel
and somewhat exaggerated to emphasize the points
made here. The variable l ()H/H0) gives the height of

the cube, relative to its original height (i.e., its length
in the z-direction). Note that, due to the constraint of
constant volume and to a basic assumption of symmetry,
the horizontal dimensions have become larger (by a
factor of 1/l1/2).

In real gels the orientations of the chains are distrib-
uted more or less randomly, instead of forming a certain
ideal symmetry. In the following we therefore derive an
expression for the shear modulus of an isotropic poly-
electrolyte gel. Although the assumption of isotropy is
more in line with physical reality, at first sight it seems
not in agreement with the model of tetrahedrally
ordered chains we pictured in part 2.15 However, we will
show that this modification has no implications for the
swelling results presented there. Furthermore we use
the same notation as in parts 114 and 2.15

Generally, the free energy of the network is the sum
of the free energies of the constituent chains (in their
respective environments). In the calculation we neglect
electrostatic interactions between segments of different
polyelectrolyte chains.

For every salt and counterion concentration in the gel,
the free energy of a chain, Fchain, can be written as a
power series in its end-to-end distance R, at least for
the relevant range of R values. In this way all deviations
from ideal (Gaussian) behavior are also incorporated,

where m is the summation variable and kT has its usual
meaning. The values of the am are yet to be determined.
These depend on the nature of the chain, its length, the
segment dimension, the number of charges on the
chain’s backbone, and the ion concentrations in the gel,
while R is determined by the degree of swelling.

Figure 1. Sketch of the deformation of an arbitrary cubic
section of a gel. Shown is the end-to-end vector (arrows) of an
arbitrary network chain and the cross-links (circles) it con-
nects, before (dashed R arrow, open circles) as well as during
the deformation (solid R(l) arrow, filled circles). As indicated,
the gel is compressed under an external pressure pext in the
z-direction. l ()H/H0) is the height of the cube in the z-direction
relative to its height before compression. The total volume of
the cube is assumed to remain constant (HA ) H0A0); therefore
it must expand (we assume symmetrically) in both other
directions, by a factor of 1/l1/2. We assume that the compression
induces an affine deformation, with a concomitant affine
displacement of the cross-links which connect the end-to-end
vectors of the chains. As is indicated, both the directions and
the lengths of the end-to-end vectors may change due to this
deformation.

Fchain

kT
) ∑

m)0

∞

amRm (2.1)
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We assume, in a first approximation, that the cross-
links connect chains of equal length and that they are
homogeneously distributed in the gel. Then the end-to-
end distances of the N chains incorporated in the
network are equal, and, assuming additivity,

The network pressure, Πnetwork, in swelling equilibri-
um is given by the negative of the derivative of the free
energy with respect to the swelling volume V, the latter
being proportional to R3 (V ) cR3, where c is a
dimensionless constant). Assuming affine swelling,

With the intermediate results

where f is the tensile force exerted by the chain, we
arrive alternatively at the general expression

For a network of Gaussian chains, f/kT ) -3R/R0
2

(R0
2 is the mean square end-to-end distance of the

Gaussian chain), so that in this case we obtain for the
network pressure the well-known result

Equation 2.5 shows that the network pressure is
proportional to the chain concentration, the extension
of the chains, and the tensile force at this extension. If
one calculates N/V, the value of the polymer concentra-
tion, using the “unit cube” from Figure 1 of part 215 for
the calculation and substituting its value in eq 2.5, one
obtains eq 2.4.1 of part 2, without explicitly incorporat-
ing the orientations of the polyions. The same holds true
for the hexafunctional case (see eq 32 of ref 10). For an
isotropic network containing tetrafunctional cross-links
therefore the same swelling behavior is obtained as was
found with the explicit descriptions and “ideal” gel
structure used in section 2 of part 2. These examples
illustrate that knowledge of the functionality of the
cross-links in the network, together with the condition
of isotropy, is sufficient to determine the values of the
concentrations of the different constituents and there-
fore of the magnitude of the different osmotic pressure
contributions, at least in the case of identical network
chains.

For the shear modulus G of the isotropic gel of lattice
polyelectrolytes we find (see the Appendix for the details
of the calculation)

In the last step of the derivation we used that V ∼ R3.
For Gaussian chains therefore (see eqs 2.3 and 2.6), G
) -Πnetwork. Generally, if the free energy of the chains
can be expressed as a simple scaling law in R, only one
of the am in the power series is different from zero, and
G is still proportional to Πnetwork. However, the propor-
tionality constant is only equal to (minus) one in the
case of a pure quadratic relationship (i.e., Gaussian
chain behavior). If the dependence of the free energy
on R is not a simple scaling law, it can always be
described satisfactorily by some polynomial in R (for the
relevant range of R values), but in that case G and
Πnetwork will generally not be proportional.

For an isotropic gel of polyelectrolyte chains we can
now calculate the shear modulus, for both experimental
cases, as described above. For case 1 as well as for case
2 we proceed in the same manner, by first determining
the concentrations of the different mobile, charged
particles in the gel and from these the inverse Debye
screening length, κ, using the expressions for the
different contributions to the osmotic pressure in the
gel (see section 2 of part 215). Then we determine the
tensile force exerted by the chains in this medium, as a
function of R (see sections 2.2-4 of part 2), without
changing the properties of the medium during the latter
process, as we assume that neither the degree of
swelling nor the composition of the internal medium
changes as a result of the brief and small compression
that is applied to measure the network’s elastic re-
sponse. The R dependence of the tensile force obtained
is then used to calculate the fit parameters am. By
substituting these values and the correct value of R into
(2.7) the value of the shear modulus is found.

Following this approach, the difference between cases
1 and 2 lies solely in the difference in the determination
of κ and of the value of R used for the calculation of G.
In case 1 the concentrations of the small ions in the gel
are imposed and determine the value of κ. The shear
modulus is then calculated for different salt concentra-
tions in the gel, at constant volume, i.e., at one fixed
value of R. In case 2 the salt concentration in the
external solution determines the equilibrium degree of
swelling (and therefore the value of R) and, via the
Donnan osmotic pressure term, the internal salt con-
centration, Cs, and therefore the value of the Debye
screening length in the gel. The shear modulus is then
calculated for different external salt concentrations, with
the corresponding equilibrium values of R and Cs.

As mentioned, the degrees of swelling to be used for
the calculations to describe case 1 must be lower than
all equilibrium degrees of swelling attained in case 2,
for the range of salt concentrations considered. In the
case of a real gel, the intrinsic stiffness of the chains is
higher than in our model (and therefore the equilibrium
extension of the chains is higher). We therefore have
used somewhat higher values for the (fixed) parameter
x in the figures illustrating case 1. We will return to
this point later.

G

kT
)

1

3

N

V
∑
m)0

∞

amRmm(35 +
1
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5
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∂
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R3) (2.7)

Fnetwork ) NFchain (2.2)

Πnetwork ) -( ∂Fnetwork
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1

3
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2
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3. Results

3.1. General. In this section we present the results
found for the shear modulus of a model polyelectrolyte
gel, consisting of tetrahedrally ordered, cross-linked
lattice polyelectrolyte chains. The moduli are calculated
by first determining the relative extension x ()R/L) of
the chains, where their contour length L is equal to na;
the number of links, n, between the n + 1 segments,
times the bond length a. For case 1 this value is preset;
for case 2 that x value is determined, for which the total
(osmotic) pressure of the gel equals zero (Π ) 0; see
section 2 of part 2,15 also for what follows) for the given
external salt concentration. With the obtained value of
x the concentrations of the different constituents of the
gel can be calculated and consequently the magnitude
of the tensile force exerted by the network chains. As
during the elasticity measurement these concentrations
do not change, the R dependence of the tensile force of
a single chain can easily be determined. Finally, the use
of eqs 2.5 and 2.7 gives the shear modulus of the gel.

In section 3.2 we compare the shear modulus calcu-
lated (a) directly from the Monte Carlo simulation data
for a lattice polyelectrolyte of 40 segments and (b) using
our variant of Katchalsky’s expression for the electro-
static free energy of a charged chain (eqs 2.3.2a,b in part
215), to obtain an indication of the accuracy of the latter
approach. In sections 3.3-3.6 case 1 is studied. In
section 3.3 we present and discuss the results for gels
of longer chains in good (athermal) solvent and θ-sol-
vent, modeled by networks of charged SAW and RW
chains, respectively, where we use our Katchalsky
variant for the pairwise electrostatic interactions be-
tween the charged segments within a single network
chain. Some characteristic differences in the behavior
of the model gel, for both (limiting) solvent conditions,
are discussed. In section 3.4, the results are quantita-
tively compared to experimental results for PAA gels.
In section 3.5 we compare our results for the network
pressure and for the shear modulus. In the same way,
sections 3.6-3.8 contain a treatment of case 2.

In experimental situations the solvent quality usually
depends on the ionic strength. At very high salt con-
centrations, the solvent might even become so strongly
polar that the polyelectrolyte precipitates (“salts out”).
In this paper only both limiting cases, good solvent and
θ-solvent, are studied, and the above salt effect is not
taken into account. Results are presented for linear
charge densities up to the counterion condensation
threshold according to Manning, i.e., at a linear charge
density of 35% in our model.

For consistency, in all figures and calculations pre-
sented for either SAW chains (good solvent) or RW
chains (θ-solvent), the values of the relevant parameters
were adapted to either case (see part 215): the Flory-
Huggins interaction parameter ø was set to 0 and 0.5,
respectively,16 and h0

2, the most probable value of the
squared end-to-end distance of the chain, was given a
value of (2/3)〈R0

2〉 for respectively the SAW or the RW
chain under consideration (see Table 3 in part 114).

3.2. Modulus of a Gel of Short Chains. Direct
Calculation with MC Data. In Figure 2 we plotted
for comparison both the shear modulus of a lattice
polyelectrolyte gel of chains of 40 segments, calculated
directly from the Monte Carlo data for the free energy
of a lattice polyelectrolyte with fixed endpoints, and the
values for the shear modulus of the same system,

calculated by using the modified expression of Katch-
alsky for the free energy of the charge interactions (see
eqs 5.4a-c of part 114 and eqs 2.3.2 of part 215). As, for
every chain length, we performed simulations for three
dif-ferent values of the inverse Debye screening length,
κ, the Monte Carlo results cover only three separate
points in the figure. Besides, as we only have simulation
results for relatively high values of κ, there is not much
salt dependence to be observed. Nevertheless the agree-
ment between the results of both methods is satisfac-
tory: relative errors, also for the other attainable values
of x and q, the number of charges on the chain, are
smaller than 10% (results are not shown).

3.3. Shear Modulus of Gels of Longer Chains
Case 1. In Figure 3 we plotted the results found for the
shear modulus of an isotropic model gel of lattice
polyelectrolyte chains of 80 segments at constant gel
volume (case 1), as a function of the internal salt
concentration, both for a gel of SAW chains and a gel of
RW chains. The different curves represent the results
for different linear charge densities, q/(n + 1) × 100%,
as indicated in the figure. From here on we take for the

Figure 2. Plot of the shear modulus of a lattice polyelectrolyte
gel versus the internal salt concentration, at a constant gel
volume (case 1; x ) 0.5; the monomer concentration is 0.7 mol/
L), for chains of 40 segments. The linear charge density is 30%.
Results calculated directly from the Monte Carlo data (x) for
κa ) 0, 0.3, 0.6, and 0.9 and results from the modified
expression of Katchalsky (0) are shown. The dotted curves are
added as a guide to the eye.

Figure 3. Plot of the shear modulus of a gel of charged SAWs
(solid curves) and RWs (dashed curves) of 80 segments, versus
the salt concentration in the gel, for different linear charge
densities, as indicated in the figure. The swelling volume of
the gel is constant (case 1). For the fixed relative extension of
the chains we have chosen x ) 0.4 (the monomer concentration
is 0.34 mol/L).

Macromolecules, Vol. 32, No. 1, 1999 Free Energy of Lattice Polyelectrolytes. 3 213



electrostatic contribution the modified expression of
Katchalsky, assuming that the relative error in the
results will be of the same order of magnitude (around
10%) as found in the previous subsection.

We observe that in general the shear modulus of
SAWs is, for the same relative extension, (much) smaller
than for RWs. This is due to the fact that the tensile
force exerted by the RWs is, at the same relative
extension, much higher than in the SAW case, as we
also observed in sections 2.2 and 3 of part 2.15 Generally
this leads to higher network pressures in the case of
RWs (see eq 2.5). As globally the shear modulus follows
more or less the network pressure (cf. eq 2.7) this also
leads to higher values for G.

For increasing linear charge density, the shear modu-
lus decreases; the relative effect of charging is more or
less the same for RW and SAW chains. For a clear
understanding of the influence of the charge interactions
on the elastic modulus of the gel, it is helpful to describe
the network chains in terms of equivalent Kuhn chains,
which consist of cylindrical segments that exhibit only
hard-core interactions. The length and the diameter of
these Kuhn segments follow directly from the stiffness
and the segmental excluded volume, caused by the
magnitude and the nature of the segment-segment
interactions in the original chain. If the charge density
on the network chains is increased, the repulsive
interactions between the segments are enhanced, so
that the chain becomes stiffer and its electrostatic
excluded volume becomes larger. Therefore, the seg-
ments of the equivalent Kuhn chain become longer and
thicker. However, their number must decrease, as the
chain length itself remains the same. Having less Kuhn
segments and therefore less conformational freedom, the
network chains have a lower entropy and thus exert
smaller tensile forces on the network. As the tensile
forces are reduced, the network pressure (see eq 2.5)
and thus the shear modulus (cf. eq 2.7) must decrease.
Consequently, the modulus of the gel decreases as a
function of the linear charge density.

Near 35% linear charge density and for low salt
concentration, the electrostatic excluded volume clearly
dominates the bare excluded volume contribution of the
SAWs, so that the elastic behavior of RW and SAW
chains converges. If the salt concentration increases, the
electrostatic interactions are screened more effectively,
and the curves for different charge densities converge
to what can be understood as the shear modulus of the
corresponding uncharged network. The scaling theo-
ries11,12 mentioned do not explicitly contain this screen-
ing effect, as they lack the explicit effect of the charge
interactions on the chain statistics (see ref 12, Figure
7).

3.4. Quantitative Comparison with Experimen-
tal Results. Case 1. Comparison of our results for G
at constant swelling volume (Figure 3) with the experi-
mental outcomes (Figure 4) shows a clear qualitative
agreement, including the effect of charging and the
convergence of the curves for higher salt concentrations.
Note that much higher internal salt concentrations are
not experimentally accessible: the gel will not absorb
large enough quantities to attain the preset swelling
volume. For the quantitative discrepancies between
Figures 3 and 4 there are two reasons.

First, we must take the effect of a higher intrinsic
chain stiffness into account, as compared to the value
used in the Monte Carlo simulations (see also part 2,15

section 3.4). To show the effect of larger intrinsic
persistence lengths on the shear modulus of the gel, we
calculated this quantity for a gel of RW chains of 80
segments at constant gel volume and for different values
of the parameter s, the number of chain segments per
Kuhn segment, following the same procedure as in part
2. The results are shown in Figure 5. Note that, to
obtain physically meaningful values for G, we took a
higher value (x ) 0.7) for the relative extension of the
chains than was taken in Figure 3, which corresponds
to their stiffer behavior. One sees that for s values of
about 8 the values calculated for G fall within the
experimentally observed range. This s value agrees with
the experimental result for the intrinsic stiffness of PAA
chains. Also the salt concentration dependence agrees
well with experiment (see Figure 4).

A second source for the discrepancy between theory
and experiment is the restriction in our model to linear
charge densities not higher than 35%. Strictly this
percentage is found by using Manning’s condensation
concept in which the PAA chain is simplified to a line
charge. It may be argued that for real chains condensa-
tion might take place at higher linear charge densities.

Clearly, establishing a more rigorous quantitative
agreement without using adaptable parameters is not

Figure 4. Experimental results17 for the shear modulus of a
PAA gel at constant swelling volume (case 1) versus the
internal salt concentration. Shown are the results for two
different values of the linear charge density (indicated in the
figure). The cross-link density is 2%. The monomer concentra-
tion is 0.916 mol/L. The straight lines are added as a guide to
the eye.

Figure 5. Shear modulus of a lattice polyelectrolyte gel of
RW chains of 80 segments, with different values of the Kuhn
segment length (indicated in the figure; s is the number of
chain segments per Kuhn segment), calculated at constant gel
volume (case 1; x ) 0.7). The linear charge density is 35%.
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possible, as there exist many uncertainties regarding
different descriptive parameters of the real gel (e.g., the
effective cross-link density and thus the average chain
length between cross-links, the chain length distribu-
tion, the precise Manning condensation threshold and
thus the effective linear charge density, etc.).

3.5. Comparison of Network Pressure and Shear
Modulus. Case 1. In Figure 6 we plotted, for a
comparison, the value of the shear modulus and of the
network pressure versus the internal salt concentration,
at constant gel volume (case 1), for both types of chains.
The figure shows clearly that for the chosen example G
and -Πnetwork are neither equal nor proportional to each
other. In particular for low salt concentrations (i.e., high
charge interactions) we see that G and Πnetwork even
have the same sign. For these small values of the
internal salt concentration the network pressure is
positive: the network prefers to swell. For high salt
concentrations the charge effects are screened, and the
network pressure becomes negative.

In case 1 the network pressure is only compensated
by the mixing term (there is no external salt solution
and therefore no Donnan osmotic pressure contribution),
so that at very high internal salt concentrations the
network pressure would be so strongly negative, that
the mixing term could not compensate for its influence:
the gel would spontaneously release some of its internal
fluid and could not be kept at the preset fixed volume.
This is why the experimental curves in Figure 4 stop
in the range of salt concentrations of around 1 mol/L.

Nevertheless, the theoretical curves in Figure 6 are
also plotted for higher internal salt concentrations. One
sees that for these high salt concentrations the curves
for the shear modulus and the (negative) network
pressure of the relatively long RW chains asymptotically
approach the same limiting curve for the Gaussian
chain; for the gel of SAW chains these curves do not
converge, as we expect (eq 2.7). Both limiting curves for
the bare network pressure and for the shear modulus
of an uncharged network of SAW chains are plotted in
the graph (long dashes). As the gel volume is kept
constant (case 1) these curves are horizontal lines.

3.6. Shear Modulus of Gels of Longer Chains.
Case 2. In Figures7 and 8 we plotted the results found
for the shear modulus of a polyelectrolyte gel in ther-
modynamic (Donnan) equilibrium with a surrounding
salt solution (case 2), both for SAWs and RWs, versus
the external salt concentration. As in case 1 we observe
that the shear modulus approaches a certain limiting,
maximum value for high external salt concentrations,
which can be understood as the shear modulus of the
uncharged, swollen gel. We also observe a large differ-
ence in magnitude between the moduli of the gel in good
solvent and in θ-solvent. Furthermore, the shear moduli
also decrease with increasing linear charge density.

However, comparing case 1 and case 2 we observe two
large differences. In case 2, the effect of increasing the
linear charge density on the value of G is much larger
for RWs than for SAWs, whereas in case 1 the relative
effect was seen to be more or less the same for both
chain types. This can be understood by a comparison of
the swelling results in Figures 6 and 7 of part 2,15 for
the case of equilibrium swelling: in the case of θ-solvent
the gel shows a much stronger swelling upon charging
than in the good solvent case. Therefore, the introduc-
tion of (a few) charges leads to a much stronger effect
on the excluded volume of the RW chain than in the
corresponding SAW case and thus on its degrees of
freedom. Further, in the case of θ-solvent the chain
concentration shows much larger changes upon charg-
ing, which directly affects the shear modulus (see eq
2.7). The other clear difference between the results for

Figure 6. Comparison of shear modulus (G) and network
pressure (Πnetwork) both for a gel of SAW chains (solid) and for
a gel of RW chains (short dashes) of 80 segments, as a function
of the internal salt concentration, at constant gel volume (case
1). The linear charge density is 35% and the relative extension
of the chains, x ) 0.4. For a comparison the limiting values of
the shear modulus and the network pressure of the uncharged
chains are added (longer dashes). RW results: upper horizon-
tal dashed line (-Πnetwork,q)0,RW ) Gq)0,RW). For SAWs these
limiting values do not converge: middle dashed line, Gq)0,SAW,
and lowest dashed line, -Πnetwork,q)0,SAW.

Figure 7. Plot of the shear modulus of a lattice polyelectrolyte
gel of charged SAWs of 80 segments, versus the external salt
concentration, for different linear charge densities, as indicated
in the figure. The gel is in equilibrium with the surrounding
salt solution (case 2).

Figure 8. As Figure 7, but now for a gel of RW chains.
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case 1 and case 2 is the effect on G of adding more
charge to the chains. In case 2 the incremental effect of
adding extra charge to the chains becomes smaller at
higher linear charge densities, while in case 1 the effect
of adding extra charge is more important for high values
of the linear charge density. This is caused by the
reciprocal relationship between the chain concentration
and the degree of swelling (see Figures 6 and 7 of part
215).

The influence of the linear charge density on the value
of G is a bit blurred by the nonmonotonic salt concen-
tration dependence, as for intermediate salt concentra-
tions, and particularly for the good solvent case, the
shear modulus of the polyelectrolyte gel shows a mini-
mum value which becomes more pronounced and shifts
toward higher salt concentrations for increasing linear
charge densities. In θ-solvent these minima are much
less significant; they occur at lower salt concentrations
and appear only for high values of the charge density.

3.7. Brief Comparison with Experiment. Case 2.
In Figure 9 we plotted, for a comparison, experimental
results17 for the shear modulus of a PAA gel in swelling
equilibrium (case 2), as a function of the external salt
concentration for different values of the linear charge
density. The results agree qualitatively with Figure 7,
including the predicted minima in G that, for increasing
charge density become more pronounced and shift
toward higher salt concentrations. For external salt
concentrations around 10-3 mol/L, we observe a cross-
over in the experimental values that does not appear
in the calculations. However, at these low salt concen-
trations and in particular for high charge densities, the
charge interactions become very strong and our modified
Katchalsky description in which higher order charge
interactions are neglected loses its validity.

One also observes, that the theoretical predictions are
much too high. Thus, like before, a stiffness correction
is necessary to get better quantitative agreement be-
tween theory and experiment.

The experimental results indicate that at low salt
concentration the real PAA chains behave more like
SAWs, as these show distinct minima in the value of G
versus the salt concentration. At high salt concentra-
tions G increases strongly with the salt concentration,
which is just observed for RWs. This might be due to a
decrease of the solvent quality with increasing salt
concentration (“salting-out” of PAA).

3.8. Comparison of Network Pressure and Shear
Modulus. Case 2. In Figure 10 we plotted the calcu-
lated shear moduli and the negative of the network
pressures, for both types of fully charged gels, in
equilibrium with an external salt solution. As we have
also seen for case 1 (cf. Figure 6), neither for the good
solvent case nor for the θ-solvent case, the -Πnetwork of
the lattice polyelectrolyte gel is really proportional to
the shear modulus G, although for higher external salt
concentrations both quantities show roughly the same
behavior as a function of the salt concentration. Further
we observe that the behavior of the gel of charged RW
chains follows roughly the trends seen for the limiting
Gaussian chain (upper dashed curve). However, the
behavior is definitely not completely the same, for the
range of salt concentrations covered. Due to the collapse
of the chains in this case and the concomitant higher
values of the segment and counterion concentration,
differences with the Gaussian behavior are much larger
than in case 1, and for the case of RW chains we do not
see a clear convergence to the Gaussian limiting curve.
As in case 1, the curves of -Πnetwork and of G of the gel
of SAW chains do not converge for high salt concentra-
tions. The limiting curves (for q ) 0) for these quantities
are both plotted (longer dashes).

4. Conclusions

The shear modulus G of the lattice polyelectrolyte gel
has been studied for two cases: 1 at constant swelling
volume and at given internal salt concentration and 2
in swelling equilibrium with an external salt solution
of given concentration. Within the framework of our
approach we did not revert to the simple relationship
G ) -Πnetwork, which is supposed in many theories,11-13,18

but which is only true for uncharged Gaussian chains.
We derived a general analytical expression (eq 2.7)
which establishes the relationship between the shear-
modulus and the network pressure in an isotropic gel
composed of equal chains. This expression shows, that
only if the network pressure depends as a simple scaling
law on the end-to-end distance, the shear modulus is
proportional to the network pressure. Consequently we
found (Figures 6 and 10) that the shear modulus and

Figure 9. Experimental results17 for the shear modulus of
PAA gels in equilibrium with a surrounding salt solution,
versus the external salt concentration, for different values of
the linear charge density (indicated in the figure). The cross-
link density is 2%. For clarity the data points are connected
by straight lines as a guide to the eye.

Figure 10. As Figure 6, but now for a lattice polyelectrolyte
gel in equilibrium with an external salt solution (case 2). Note
that in this case the limiting values for G and -Πnetwork (for q
) 0) depend on the relative extension x via the swelling volume
and thus via the external salt concentration. The steep limiting
curve (Gq)0,RW ) -Πnetwork,q)0,RW) is for a gel of uncharged RW
chains. The other, more or less horizontal curves are for the
gel of uncharged SAW chains (Gq)0,SAW and -Πnetwork,q)0,SAW).
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the network pressure of our model gel globally follow
the same trend but are not proportional to each other.

The shear modulus is a measure for the change in
the average tensile pressure exerted by the network
chains, as a function of the relative deformation of the
gel. G is therefore directly related to the change in the
conformational degrees of freedom of the network chains
caused by the deformation. If the charge interactions
between the network chain segments are increased, the
Kuhn segment length of these chains and the effective
excluded volume of the Kuhn segments is enhanced. As
a result the equivalent Kuhn chains have fewer, longer,
thicker segments. If the network of these charged chains
is then deformed, less degrees of freedom are lost than
in the corresponding uncharged case. Therefore the
modulus of the gel decreases as a function of the linear
charge density: the stronger the charge interactions,
the softer the gel (see Figures 3, 7, and 8). This is in
agreement with experimental results (Figures 4 and 9).

If the salt concentration is increased, case 1 and case
2 give different results. In case 1 the modulus of the
gel decreases with increasing salt concentration, be-
cause charge interactions are screened, whereas in case
2 the latter effect is masked by the collapse of the gel,
during which electrostatic effects become stronger,
leading to a minimum value in G, particularly in good
solvent. For increasing linear charge density this mini-
mum becomes more manifest, and its position shifts to
higher salt concentrations (Figure 7). Qualitatively, this
result agrees with experimental findings (Figure 9). For
the θ-solvent case only flat minima are predicted for
high charge densities, which vanish at higher salt
concentrations (Figure 8). For very high salt concentra-
tions the modulus attains a limiting value, irrespective
of the linear charge density, which corresponds to the
modulus of the uncharged network. Therefore, study of
elastic behavior in swelling equilibrium (case 2) at low
salt concentration reveals differences between RWs and
SAWs in the network, which have not been observed in
the swelling equilibrium itself. In swelling equilibrium
one observes only Πnetwork, whereas in the shear modu-
lus the combination of this quantity and its derivative
with respect to R is seen. At high extensions SAWs and
RWs differ not from each other through Πnetwork but they
do through ∂Πnetwork/∂R. In this sense elastic behavior
just provides additional insight in the influence of the
solvent quality on gel properties.

The values for G that are obtained for the model gels
are 1-2 orders of magnitude higher than the values
measured for PAA gels. This difference stems from the
high flexibility of the lattice chains. By increasing the
Kuhn length of the bare lattice chains and adapting the
intrinsic stiffness in the modified expression of Katch-
alsky to the values found for PAA, we showed for the
case of RW chains that the calculated values of G
decrease to realistic values (Figures 4 and 5). This
correction is the same as has been used in the descrip-
tion of swelling (part 215).

In conclusion, the theory described here consistently
and explicitly accounts for the interactions between the
charges on the chain, their influence on its behavior,
and the salt dependence of these interactions. Most of
the gel models used currently lack this important
correction, as they are either based on Katchalsky’s
description of the electrostatic contribution to the free
energy or based on scaling relations which contain only
implicit fit parameters to account for this charge effect

in an averaged way. As a result our model describes the
experimental data in a semiquantitative way.
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Appendix

In this Appendix we calculate the shear modulus of
a swollen, isotropic gel of lattice polyelectrolytes, con-
nected by tetrafunctional cross-links.

In the swollen, undeformed, and isotropic gel we
assume the end-to-end vectors of the chains to have all
possible orientations but their lengths to be equal.
Therefore we can write for the end-to-end vector of chain
i before the deformation

as the value of R is the same for all chains, but the ϑi
and æi of the different chains have such values that the
Ri are distributed randomly in the isotropic gel.

When the gel is deformed by a factor of l in one
direction (for convenience we use a compression in the
z-direction), the change of the end-to-end distances of
the constituent chains and of their orientations will
depend on their original orientation. Assuming that the
whole of the gel deforms affinely and that its volume
remains constant, we can write for the end-to-end vector
R(l)i during the deformation

As, generally, during the deformation the free energy
of different chains will not be equal anymore but will
depend on their original orientations, we must average
the expression for the free energy over all possible
original orientations of the chains. Here we need the
assumption that the gel is isotropic, so that all original
orientations of the Ri have the same probability. For
the free energy of the gel during the deformation we
obtain (see eqs 2.1-2; in the averaging process we drop
the subscript i),

where || and 〈 〉 denote respectively the length of a vector
and the average over all possible values of ϑ and æ.
Using that

Ri ) (Ri,x,Ri,y,Ri,z) )
R(sin ϑi cos æi,sin ϑi sin æi,cos ϑi) (A.1)

R(l)i ) (R(l)i,x,R(l)i,y,R(l)i,z) )

R( 1
l1/2

sin ϑi cos æi,
1

l1/2
sin ϑi sin æi,l cos ϑi) (A.2)

Fnetwork

kT
) N ∑

m)0

∞

am〈|R(l)|〉m (A.3)

|R(l)i|2 )

R2(1lsin2
ϑi cos2 æi + 1
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ϑi sin2 æi + l2 cos2
ϑi)

) R2 (1lsin2
ϑi + l2 cos2

ϑi) (A.4)
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we find for the free energy during deformation,

where we substituted t ≡ cos ϑ. The expression between
braces, in the following denoted γ(l,m), can be calculated
explicitly,19

and

where the analytical functions may take complex values
(for l < 1), but the final outcomes are always real. In
this treatment the degree of swelling and the deforma-
tion of the gel have been separated; the end-to-end
distance R takes the equilibrium degree of swelling of
the gel into account, while the deformation of the gel is
contained in the relative extension parameter, l.

The gel is deformed due to the influence of the
external force fext on the gel, which can be calculated
by taking the spatial derivative of the free energy with
respect to the deformation itself,

where H0 is the linear dimension of the gel sample
before deformation, measured along the direction of the
external force (see Figure 1). We find, using (A.5),

The pressure exerted by fext acts on the top area, A,
of the gel sample (see Figure 1), so that we find for the
pressure

Note that we used here that H ) lH0 and A ) A0/l, as
the volume of the sample remains constant: HA ) H0A0.

Young’s modulus of elasticity is defined as E ) -[∂pext/
∂l]l)1, i.e., the proportionality constant for the increase
of the pressure with the relative compression, in the
limit of very small deformations. The shear modulus,
G, of the gel is proportional (with a factor of 1/3 for this
incompressible system20) to its Young’s modulus E, so
that

Using the integral expression between braces in eq A.5
for γ(l,m), we can differentiate under the integral sign
with respect to l and substitute l ) 1. Then performing
the remaining integral we obtain eq 2.7.
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